Abstract: We study a new duality which pairs 4d N = 1 supersymmetric quiver gauge theories. They are represented by brane tilings and are worldvolume theories of D3 branes at Calabi-Yau 3-fold singularities. The new duality identifies theories which have the same combined mesonic and baryonic moduli space, otherwise called the master space. We obtain the associated Hilbert series which encodes both the generators and defining relations of the moduli space. We illustrate our findings with a set of brane tilings that have reflexive toric diagrams.
Introduction
Dualities have vastly contributed towards a better understanding of string theory and beyond. A particular example is mirror symmetry [1] [2] [3] [4] [5] [6] [7] [8] [9] which identifies two Type II superstring theories compactified on Calabi-Yau 3-folds whose Hodge numbers are swapped. A similar example, although only true at low energies, is toric (Seiberg) duality [10] [11] [12] [13] [14] [15] [16] . It relates supersymmetric worldvolume theories of D3-branes on singular toric Calabi-Yau 3-folds which have isomorphic mesonic moduli spaces.
These 4d N = 1 supersymmetric field theories have mesonic moduli spaces which are toric Calabi-Yau 3-folds. Their geometry is encoded in a convex lattice polygon called the toric diagram. Furthermore, the theories are best expressed by periodic bipartite graphs on T 2 , otherwise known as brane tilings [18] [19] [20] [21] [22] [23] [24] . They represent the The arrows indicate toric duality (red), specular duality (blue), and reflexive duality (green) which is discussed in [17] . The black nodes of the duality tree represent distinct brane tilings, where the labels are taken from [17] and Figure 3. largest known class of supersymmetric field theories that are associated to toric CalabiYau 3-folds.
The rich combinatorial structure of brane tilings led recently to new insights beyond toric duality. For instance, certain toric diagrams have a single interior point and exhibit the special property of appearing in polar dual pairs [25] [26] [27] [28] [29] [30] . They are called reflexive toric diagrams and relate to a correspondence between brane tilings which was studied in [17] . Given brane tilings A and B whose reflexive toric diagrams are a dual pair, the toric diagram of brane tiling A is the lattice of generators of the mesonic moduli space of brane tiling B, and vice versa. We call this correspondence reflexive duality.
In the following, we discuss a new correspondence that was named in [17] specular duality. It identifies brane tilings which have isomorphic combined mesonic and baryonic moduli spaces, also known as master spaces F . The following scenarios of brane tilings apply to this new duality:
1. Dual brane tilings A and B are both on T 2 . They have reflexive toric diagrams.
2. Brane tiling A is on T 2 and dual brane tiling B is not on T 2 . Brane tiling A has a toric diagram which is not reflexive.
Both brane tilings A and B are not on T
2 .
For brane tilings with reflexive toric diagrams, specular duality manifests itself not only as an isomorphism between master spaces. The additional properties are:
• The external/internal perfect matchings of brane tiling A are the internal/external perfect matchings of brane tiling B.
• The mesonic flavour symmetries of brane tiling A are the hidden or anomalous baryonic symmetries of brane tiling B, and vice versa.
The following paper studies specular duality restricted to brane tilings with reflexive toric diagrams. The Hilbert series of F is computed explicitly to illustrate its invariance under the new correspondence. The swap between external and internal perfect matchings, and mesonic and baryonic symmetries is explained. Moreover, we illustrate that specular duality is a reflection of the Calabi-Yau cone of F along a hyperplane.
The new correspondence extends beyond brane tilings with reflexive toric diagrams. Accordingly, specular duality can lead to brane tilings on spheres or Riemann surfaces with genus g ≥ 2. These have no known AdS dual and have mesonic moduli spaces which are not necessarily Calabi-Yau 3-folds [23, 31, 32] . Their quiver and superpotential however admit a master space which can be traced back to a brane tiling on T 2 . Specular duality for brane tilings that are not on T 2 may lead to new insights into quiver gauge theories and Calabi-Yau moduli spaces. The work concludes with this observation and highlights the importance of future studies [33] .
The paper is divided into the following sections. Section §2 reviews brane tilings and their mesonic moduli spaces and master spaces. They are analysed with the help of Hilbert series. Section §3 begins with a short review on toric duality and compares its properties with the characteristics of specular duality. The new correspondence between brane tilings is explained in terms of the untwisting map [34] [35] [36] and modified shivers [37] [38] [39] . Section §4 studies and summarises the transformation of the brane tiling, the exchange of perfect matchings, and the swap of mesonic and baryonic symmetries under specular duality. The concluding section gives a short introduction on how specular duality relates brane tilings on T 2 with tilings on spheres and Riemann surfaces of genus g ≥ 2.
Brane Tilings and their Moduli Spaces
The following section reviews brane tilings and their mesonic moduli spaces and master spaces. The method of calculating Hilbert series is reviewed. Readers who are familiar with these topics may skip the section and move on to the discussion of specular duality in Section §3.
Brane Tilings, F-and D-term charges, and the Toric Diagram
A brane tiling represents a worldvolume theory of D3 branes on a singular non-compact Calabi-Yau 3-fold. It encodes the bifundamental matter content and superpotential of the theory.
A quiver is a graph which encodes as a set of G nodes the U (N ) i gauge groups and as a set of e arrows the bifundamental fields X ij of the gauge theory. The number of incoming and outgoing arrows is the same at each node. The incidence matrix d G×e of the graph encodes this property with its vanishing sum of rows.
1 This property is called the quiver's Calabi-Yau condition [12, 40, 41] .
The geometry of the toric Calabi-Yau 3-fold is encoded in the brane tiling. A new basis of fields is defined from the set of quiver fields in order to describe both F-term and D-term constraints. The new fields are known as gauge linear sigma model (GLSM) fields [43] and are represented as perfect matchings [18, 21, 23, 40] of the brane tiling:
• A perfect matching p α is a set of bifundamental fields which connects to all nodes in the brane tiling precisely once. It corresponds to a point in the toric diagram of the Calabi-Yau 3-fold. A perfect matchings which relates to an extremal (corner) point of the toric diagram has non-zero IR U (1) R charge. An internal as well as a non-extremal toric point on the perimeter of the toric diagram has zero R-charge. We call all points on the perimeter external, including extremal ones. The number of internal, external and extremal perfect matchings is denoted by n i , n e and n p respectively. All perfect matchings are summarized in a matrix P e×c [40] , where e is the number of matter fields and c the number of perfect matchings. The perfect matching matrix P e×c takes the form
where i = 1, . . . , e and α = 1, . . . , c.
• F-terms ∂ X W = 0 are encoded in P e×c . The charges under the F-term constraints are given by the kernel,
where G is the number of gauge groups.
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• D-terms are encoded in the quiver incidence matrix d G×e . The charges Q D (G−1)×c under the D-term constraints are defined by
3)
The F-and D-term charge matrices are concatenated to form a total charge matrix
The kernel of Q t , 5) corresponds to a matrix whose columns relate to perfect matchings. The rows of G t are the coordinates of the associated point in the toric diagram.
The Master Space F and the Mesonic Moduli Space M mes
Master Space F . The master space is the combined mesonic and baryonic moduli space. It has the following properties:
• The master space [40, 41, 44] of the one D3-brane theory relates to the following quotient ring 6) where e is the number of bifundamental fields X i . C e [X 1 , . . . , X e ] is the complex ring over all bifundamental fields, and I ∂W =0 is the ideal formed by the F-terms.
• The master space in (2.6) is usually reducible into components. The largest irreducible component is known as the coherent component Irr F and is toric Calabi-Yau. All other smaller components are generally linear pieces of the form C l . In our discussion, we will concentrate on the coherent component of the master space and for simplicity use F and Irr F interchangeably.
2 Note: ker used here takes the transpose of the matrix.
• The coherent component of the master space is the following symplectic quotient
where c is the number of perfect matchings p α in the brane tiling. The symplectic quotient captures invariants of the ring C c [p 1 , . . . , p c ] under the charges Q F in (2.2).
• The dimension of the master space F is G + 2.
The master space exhibits the following symmetries:
• The mesonic symmetry is U (1)
3 or an enhancement with rank 3. An enhancement is indicated by extremal perfect matchings which carry the same Q F charges. The mesonic symmetry contains the U (1) R symmetry and the flavor symmetries. It derives from the isometry of the toric Calabi-Yau 3-fold.
• The baryonic symmetry is U (1) G−1 or an enhancement with rank G − 1. An enhancement is indicated by non-extremal perfect matchings which carry the same Q F charges. It contains both anomalous and non-anomalous symmetries which have decoupling gauge dynamics in the IR. Non-Abelian extensions of these symmetries are known as hidden symmetries [40, 41, 44] .
Let I and E denote respectively the number of internal and external points in the toric diagram.
3 They are used to define the following quantities:
• The number of anomalous U (1) baryonic symmetries or the total rank of enhanced hidden baryonic symmetries is given by 2I.
• The number of non-anomalous baryonic U (1)'s is E − 3.
• The total number of baryonic symmetries is as stated above G − 1. Accordingly,
which is Pick's theorem generalised to toric diagrams. The unit square area A of a toric diagram is scaled by a factor of 2 in order to relate it to the number of U (N ) gauge groups G.
Perfect matchings carry charges under the mesonic and baryonic symmetries. The choices of assigning charges on perfect matchings are under certain basic constraints which are summarized in appendix §A.
Mesonic Moduli Space M mes . The mesonic moduli space is a subspace of the master space. It has the following properties:
• The mesonic moduli space for the one D3 brane theory is the following symplectic quotient
• The mesonic moduli space is a toric Calabi-Yau 3-fold and is generally lower dimensional than the master space.
Hilbert Series. The Hilbert series is a generating function which counts chiral gauge invariant operators. It contains information on moduli space generators and their relations. A method known as plethystics [45] [46] [47] is used to extract the information from the Hilbert series. For charges Q which are either Q F or Q t for Irr F and M mes respectively, the corresponding Hilbert series is given by the Molien Integral
where c is the number of perfect matchings and |Q| is the number of rows in the charge matrix Q. The fugacity y α = t α counts extremal perfect matchings and the fugacity y sm counts all other fugacities s m .
An introduction to Specular Duality
The following section reviews toric duality of brane tilings and compares it with specular duality. The section illustrates how the new correspondence is related to the untwisting map [34] [35] [36] and the shiver [37] [38] [39] . We focus on the 30 brane tilings with reflexive toric diagrams. 
Toric Duality and Specular Duality
Toric Duality. Two 4d quiver gauge theories with brane tilings are called toric dual [10] [11] [12] [13] [14] [15] [16] if in the UV they have different Lagrangians with a different field content and superpotential, but flow to the same universality class in the IR. Let us summarise the properties of toric duality for brane tilings:
• The mesonic moduli spaces M mes are the same, but the master spaces Irr F are not [48] . The mesonic Hilbert series are the same up to a fugacity map.
• The toric diagrams of M mes are GL(2, Z) equivalent. However, multiplicities of internal toric points with zero R-charge can differ.
• The number of gauge groups G remains constant. with the associated brane tiling and toric diagram shown in the right panel of Figure  2 . The figure labels toric points with the associated perfect matchings.
Specular Duality. The new correspondence has the following properties for dual brane tilings:
• Irr F are isomorphic 4 and the Hilbert series are the same up to a fugacity map.
• Except for self-dual cases, M mes are not the same.
• The number of gauge groups G remains invariant.
• The number of matter fields E remains invariant.
There are 16 reflexive toric diagrams. They are summarized in Figure 3 [17] and relate to 30 brane tilings. Specular duality exhibits additional properties for this set of brane tilings:
• Internal/external perfect matchings of brane tiling A become external/internal perfect matchings of the dual brane tiling B.
• The mesonic flavour symmetries of brane tiling A become the anomalous or enhanced hidden baryonic symmetries of brane tiling B. Figure 3 . Reflexive Toric Diagrams. The figure shows the 16 reflexive toric diagrams which correspond to 30 brane tilings. Each polygon is labelled by (G|n p : n i |n W ), where G is the number of U (N ) gauge groups, n p is the number of extremal perfect matchings, n i is the number of internal perfect matchings, and n W is the number of superpotential terms. A reflexive polygon can correspond to multiple brane tilings by toric duality. As noted above, specular duality exhibits additional properties for brane tilings with reflexive toric diagrams. Many of the 30 brane tilings which correspond to the 16 reflexive polygons are toric duals [17] .
Reflexive polytopes have the following properties:
• A reflexive polytope is a convex Z d lattice polytope whose unique interior point is the origin (0, . . . , 0).
• A dual (polar) polytope exists for every reflexive polytope ∆. The dual ∆
• is another lattice polytope with points
• is another reflexive polytope. There are self-dual polytopes, ∆ = ∆ • .
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• A classification of reflexive polytopes [26] [27] [28] is available for the dimensions d ≤ 4 as shown in Table 1 .
Specular duality preserves the reflexivity of the toric diagram and the set of 30 brane tilings in Figure 3 :
. Self-dual Brane Tilings. Certain brane tilings with reflexive toric diagrams are self-dual. These are: 5) which are summarized in Figure 6 . The toric diagram and brane tiling are invariant under specular duality. Figure 6. Self-duals under Specular Duality. These are the 12 reflexive toric diagrams which have self-dual brane tilings. The models are labelled with (n i , n e ), where n i and n e are the number of internal and external perfect matchings respectively.
Specular Duality and 'Fixing' Shivers
As illustrated in Section §3.1, toric duality has a natural interpretation on the brane tiling. The following section identifies the interpretation of specular duality on the brane tiling.
A toric singularity has an associated characteristic polynomial, also known as the Newton polynomial,
where the sum runs over all points in the toric diagram, and a n 1 ,n 2 is a complex number. The geometric description of the mirror manifold [34, 49, 50] is
where w, z ∈ C * and u, v ∈ C. The curve P (w, z) − Y = 0 describes a punctured Riemann surface Σ Y with
• the genus g corresponding to the number I of internal toric points
• the number of punctures corresponding to the number E of external toric points.
The Riemann surface is fibered over each point in Y . Of particular interest to us is the Riemann surface Σ fibered over the origin Y = 0. It is related to the brane tiling on T 2 under the untwisting map φ u [34] [35] [36] .
A brane tiling consists of zig-zag paths η i [21, 51] . These are collections of edges in the tiling that form closed non-trivial paths on T 2 . Zig-zag paths maximally turn left at a black node and then maximally turn right at the next adjacent white node. The winding numbers (p, q) of zig-zag paths relate to the Z 2 direction of the corresponding leg in the (p, q)-web [52] . The dual of the (p, q)-web is the toric diagram. By thickening the (p, q)-web, one obtains the punctured Riemann surface Σ.
The untwisting map φ u has the following action on the brane tiling:
where a, b count U (N ) gauge groups/brane tiling faces, i, j count zig-zag paths on the original brane tiling on T 2 , andη a are zig-zag paths of the shiver on Σ. An illustration of the untwisting map is in Figure 7 . Figure 7 . The Untwisting Map φ u . The untwisting map relates a brane tiling on T 2 to a shiver on a punctured Riemann surface Σ.
The untwisted brane tiling on Σ is known as a shiver [37] [38] [39] . It is not associated to a quiver, a superpotential and a field theory moduli space, and therefore can be interpreted as a 'pseudo-brane tiling' on a punctured Riemann surface. An interesting question to ask at this point is whether a shiver can be 'fixed' by a map φ f such that it becomes a consistent brane tiling.
The main obstructions are the punctures of Σ which have no interpretation in the quiver gauge theory context. Let the punctures therefore be identified with U (N ) gauge groups under the following definition of the shiver fixing map:
shiver on Σ → brane tiling on Σ
with the zig-zag pathsη a , nodes w k and b k , and edges X ij on the shiver remaining invariant. Accordingly, using the shiver fixing map φ f and the untwisting map φ u , specular duality on brane tilings can be defined as follows
where φ specular is invertible. A graphical illustration of φ specular is in Figure 8 . Figure 8 . Specular Duality on a Brane Tiling. The map φ specular = φ f • φ u which defines specular duality first untwists a brane tiling and then replaces punctures with U (N ) gauge groups.
For a brane tiling to have a Calabi-Yau 3-fold as its mesonic moduli space and to have a known AdS dual [23, 31, 32] , it needs to be on T 2 . Brane tilings with reflexive toric diagrams have a specular dual which is always on Σ = T 2 . This is because, as we recall, reflexive toric diagrams always have by definition I = 1 and their (p, q)-web has therefore always genus g = 1.
Invariance of the master space Irr F . Specular duality has an important effect on a brane tiling's superpotential W which can be demonstrated with the following example
where A, . . . , E are quiver fields. 6 The corresponding nodes in the brane tiling are illustrated along with zig-zag paths in the left panel of Figure 9 . Specular duality untwists the brane tiling in such a way that the order of quiver fields around either white (clockwise) nodes or black (anti-clockwise) nodes is reversed. For the example in (3.11), the superpotential of the dual brane tiling has either the form
or the form
as illustrated in the right panel of Figure 9 . The options of reversing the orientation around white nodes or black nodes are equivalent up to an overall swap of node colours. For the case of single D3 brane theories with U (1) gauge groups, the fields commute such that
(3.14)
The U (1) superpotential is invariant under specular duality. Since the master space Irr F is defined in terms of F-terms, the observation in (3.14) implies that it is invariant under specular duality.
No specific Quiver from an Abelian W . In order to show that the master spaces of dual one brane theories are isomorphic, it is sufficient to illustrate that the superpotentials are the same when the quiver fields commute. However, it is important to note that if the cyclic order of fields in a given superpotential is not recorded, its correspondence to a specific quiver and hence a brane tiling is not unique. A simple example would be the Abelian potential for C 3 or the conifold C which is W = 0. In contrast to the distinct non-Abelian superpotentials, the trivial Abelian superpotential for these models encodes no information about the field content of the associated brane tilings.
Since specular duality is a well defined map between brane tilings, not just between Abelian superpotentials, we study in the following sections the new correspondence with the help of characteristics of the mesonic moduli space. An important observation is that specular duality exchanges internal and external perfect matchings for brane tilings with reflexive toric diagrams. The difference between internal and external perfect matchings is a property of the mesonic moduli space and its toric diagram.
Perfect matchings as GLSM fields are used for the symplectic quotient description of Irr F . Since perfect matchings represent a choice of coordinates to identify the master space cone, one is free to introduce a new set of coordinates that correspond to the global symmetry of the field theory. In the following sections, we identify coordinate transformations that relate the exchange of internal and external perfect matchings to the exchange of mesonic flavour symmetries and hidden or anomalous baryonic symmetries. Moreover, one can find a third set of coordinates which relate to the boundaries of the Calabi-Yau cone and are used to illustrate how an exchange of internal and external perfect matchings leads to a reflection of the Irr F cone along a hyperplane.
In the following section, we study specular duality with Model 13 which is known as Y 2,2 , F 2 or C 3 /Z 4 with action (1, 1, 2) in the literature, and Model 15b which is known as phase II of Y 2,0 , F 0 or C/Z 2 with action (1, 1, 1, 1). Figure 10 shows how the untwisting map φ u acts on the brane tiling of Model 13 to give a shiver. The fixing map φ f then takes the shiver to give the brane tiling of Model Under specular duality, the intersections are mapped to the ones for zig-zag paths on the brane tiling of Model 15b. In terms of intersections, the superpotential in (4.1) takes the form
Brane Tilings and Superpotentials
The intersections are also fields in the dual brane tiling of Model 15b. Accordingly, the corresponding superpotential can be written as We note that the two superpotentials are the same up to a reversal of cyclic order of negative terms in (4.5). For the Abelian single D3 brane theory, the superpotentials and the corresponding F-terms are the same and hence lead to the same master space Irr F . Figure 11 . The quiver, toric diagram, brane tiling and superpotential of Model 13. In order to illustrate that specular duality exchanges internal and external perfect matchings of brane tilings, we consider the symplectic quotient description of Irr F . It uses GLSM fields which relate to perfect matchings in a brane tiling. They are summarized in matrices which are for Model 13 and 15b respectively 
Perfect Matchings and the Hilbert Series
The corresponding F-term charge matrices are The kernel of the total charge matrix Q t leads to the coordinates of points in the toric diagram, Note that the corresponding toric diagrams in Figure 11 and Figure 12 are GL(2, Z) transformed.
The columns in the G t matrices indicate the coordinates of points in the toric diagram with the associated perfect matchings. Using this information, one relates columns of the matrices Q F , Q D and P to either external or internal perfect matchings. Specular duality swaps external and internal perfect matchings as follows Specular duality can therefore be observed on the level of the Hilbert series of Irr F . Starting with Model 15b, its symplectic quotient leads to the following refined Hilbert series 
Global Symmetries and the Hilbert Series
In order to discuss global symmetries, let us introduce the notation of subscripts and superscripts on groups which refer to fugacities and model numbers respectively. The F-term charge matrix for Model 13 indicates that the global symmetry is SU (2) [13] x ×U (1) [13] f ×SU (2)
×U (1) [13] b ×U (1) [13] R , where SU (2) [13] x ×U (1) [13] f × U (1) [ 
13] R
represents the mesonic symmetry, SU (2)
the hidden baryonic symmetry, and U (1) [13] b the remaining baryonic symmetry. In comparison, for Model 15b, where internal and external perfect matchings are swapped under specular duality, the global symmetry is SU (2)
The mesonic symmetry is SU (2)
R , the hidden baryonic symmetry is SU (2)
, and the remaining baryonic symmetry is U (1)
. Accordingly, we observe that the swap of external and internal perfect matchings under specular duality leads to the following correspondence between global symmetries SU (2) [13] x × U (1)
It is a swap between mesonic flavour and hidden baryonic symmetries. Following the discussion in appendix §A, one can find global charges on perfect matchings such that the swap of external and internal perfect matchings corresponds to a swap of mesonic flavor and hidden baryonic symmetry charges. A choice of such perfect matching charges for Model 13 and Model 15b is in Table 2 and Table 3 respectively. Starting from Model 15b, the following fugacity map 12) leads to the refined Hilbert series in (4.8) and the corresponding plethystic logarithm in (4.9) in terms of characters of irreducible representations of the global symmetry. The expansion of the Hilbert series takes the form
The corresponding plethystic logarithm is
In comparison, in terms of global charges on perfect matchings of Model 13, the fugacity map 15) leads to the following Hilbert series
The U (1) R charges on perfect matchings of Model 15b are not mapped by specular duality to U (1) R charges on perfect matchings of Model 13. This is mainly because only extremal perfect matchings carry non-zero R-charges. In order to illustrate specular duality in terms of the refined Hilbert series, one can without loosing track of the algebraic structure of the moduli space mix the U (1) R symmetry with the remaining symmetry. This effectively modifies the charge assignment under the global symmetry.
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The modification is done via the fugacity map 17) which leads to the Hilbert series
18)
8 The algebraic structure of the moduli space is not lost when the orthogonality of global charges on perfect matchings is preserved as discussed in appendix §A.
One observes that the fugacity map equivalent to the exchange of mesonic flavour and hidden baryonic symmetries is
It relates the Hilbert series in (4.13) to the one in (4.18).
Generators, the Master Space Cone and the Hilbert Series
The master space is toric Calabi-Yau and has a conical structure. Since the dimension of the master space is G + 2 = 6, the corresponding Hilbert series can be rewritten in terms of 6 fugacities T i such that the exponents of T i are positive only. This means that all elements of the ring and the corresponding integral points of the moduli space cone relate to monomials of the form i T 20) allows us to re-write the Hilbert series such that the corresponding plethystic logarithm in (4.9) takes the form As desired, the plethystic logarithm as for the Hilbert series is such that the exponents of the fugacities T i are positive. In comparison, in relation to perfect matchings of Figure 13 . The Specular Axis. This is a schematic illustration of the master space cone of Models 13 and 15b. The rays corresponding to the basis of the cone are labelled with the associated fugacities T i of the Hilbert series. The cone is symmetric along a hyperplane which we call the specular axis.
Model 13, the fugacity map 22) rewrites the Hilbert series and plethystic logarithm such that they are related to the ones from Model 15b via
Note that the above map for fugacities T i relates to the one for global symmetry fugacities in (4.19) .
Given that the fugacities T i relate to the boundary of the Calabi-Yau cone, the above fugacity map can be interpreted as a reflection along a hyperplane which is associated to monomials of the form T 
Beyond the torus and Conclusions
Our work discusses specular duality between brane tilings which represent 4d N = 1 supersymmetric gauge theories with toric Calabi-Yau moduli spaces.
Starting from the observations made in [17] , this paper identifies the following properties of specular duality for brane tilings on T 2 with reflexive toric diagrams:
• Dual brane tilings have the same master space Irr F . The corresponding Hilbert series are the same up to a fugacity map.
• The new correspondence swaps internal and external perfect matchings.
• Mesonic flavor and anomalous or hidden baryonic symmetries are interchanged.
• Specular duality represents a hyperplane along which the cone of Irr F is symmetric.
The new duality is an automorphism of the set of 30 brane tilings with reflexive toric diagrams [17] .
When specular duality acts on a brane tiling whose toric diagram is not reflexive, the dual brane tiling is either on a sphere or on a Riemann surface of genus 2 or higher. Such brane tilings have no known AdS duals and their mesonic moduli spaces are not necessarily Calabi-Yau 3-folds [23, 31, 32] .
In general, the number of faces G of a brane tiling relates to the number of faces G of the dual tiling byG
(5.1)
I and E are respectively the number of internal and external toric points for the original brane tiling. First examples of brane tilings on Riemann surfaces can be generated from Abelian orbifolds of C 3 [53] [54] [55] [56] [57] . Consider the brane tilings which correspond to the Abelian orbifolds of the form C 3 /Z 2n with orbifold action (1, 1, −2) and n > 0. The dual brane tiling is on a Riemann surface of genus n−1. For the first few examples with n = 1, 2, 3, the superpotentials are The corresponding quivers are shown in Figure 15 . The Hilbert series of the master spaces are, 
The fundamental domain of the brane tiling for the specular dual of C 3 /Z 6,(1,1,4) is in Figure 16 . It is of great interest to study such brane tilings on higher genus Riemann surfaces. One obtains a new class of quivers and field theories via specular duality which is the subject of a future investigation [33] .
where the R-symmetry is a subgroup. For N = 2 and N = 1, the R-symmetry is respectively SU (2) × U (1) and U (1).
The above global symmetries derive from the isometry group of the Calabi-Yau 3-fold. The enhancement of a U (1) flavor to SU (2) or SU (3) is indicated by columns in the total charge matrix Q t which carry the same charge and correspond to external perfect matchings.
Baryonic Symmetry. The baryonic symmetry is U (1) G−1 or an enhancement with rank G − 1. It is divided into an anomalous and non-anomalous part. The anomalous U (1) baryonic symmetries can appear as enhanced non-Abelian symmetries which are known as hidden symmetries. These are isometries of the master space, but are not a symmetry of the Lagrangian. They are indicated by non-extremal perfect matchings which carry the same Q F charge. The number of anomalous U (1) baryonic symmetries or the rank of the hidden symmetry is given by twice the number of internal points in the associated toric diagram, 2I. The non-anomalous baryonic U (1) symmetries are given by E − 3 where E is the number of external toric points.
Mesonic and Baryonic Charges on perfect matchings. The perfect matchings carry G + 2 charges which relate to the 3 mesonic and G − 1 baryonic symmetries. Each perfect matching is assigned a G + 2 dimensional charge vector, and the choice of its components is arbitrary up to the following constraints:
• All G + 2 dimensional charge vectors are linearly independent to each other.
• The sum of all charge vectors is (0, . . . , 0, 2) where the non-zero component 2 is the total U (1) R -charge.
Note that if two charge vectors are linearly dependent, information about the algebraic structure of the moduli space is lost. For the purpose of studying specular duality, the following additional constraints are introduced without loosing track of the algebraic structure of the master space:
• For a pair of dual brane tilings, the charge vectors can be chosen such that a swap between internal and external perfect matchings equates to a swap of mesonic flavour and anomalous or hidden baryonic symmetry charges.
• If the U (1) R -charges are irrational or otherwise incompatible between dual brane tilings, one can find a set of orthogonal replacement charges without loosing information on the algebraic structure of the master space. This modification corresponds to a mix of the R-symmetry with the remaining global symmetry.
B Hilbert series of
Irr F for Models 13 and 15b
The refined Hilbert series of the master space of Model 15b, and by specular duality of the master space of Model 13, is of the form
where the numerator is 
